Journal of Sound and Vibration (2001) 246(2), 379-386 \
doi:10.1006/jsvi.2000.3582, available online at http://www.idealibrary.com on | DE %li“

®

LIMIT CYCLE BEHAVIOR IN THREE- OR HIGHER-DIMENSIONAL
NON-LINEAR SYSTEMS: THE LOTKA-VOLTERRA EXAMPLE

S. M. SuaHRrRUZ AND D. A. KALKIN

Berkeley Engineering Research Institute, P.O. Box 9984, Berkeley, CA 94709, U.S.A.
E-mail: shahruz@robotics.eecs.berkeley.edu

(Received 18 December 2000, and in final form 29 December 2000)

1. INTRODUCTION

Limit cycle (periodic or oscillatory) behavior is observed in many physical and biological
systems. The problem of determining when a non-linear dynamical system exhibits limit
cycle behavior has been of great interest for more than a century. Researchers have been
devising techniques by which the existence of limit cycle behavior in non-linear systems can
be established (see, e.g., references [1-4]). The Poincare’-Bendixon theorem provides
a rather easily applicable technique by which the existence of limit cycle behavior in planar
(two-dimensional) non-linear systems can be established (see, e.g., references [1-4]). This
theorem, however, is applicable only to planar systems since it is based on the Jordan curve
theorem (see, e.g., references [5, 6]), which holds for simply connected curves in a plane.
There are generalizations of the Poincare’-Bendixon theorem for three- or higher-
dimensional non-linear systems (see, e.g., references [ 7, 8]). These generalizations, however,
are inapplicable to most systems of interest. Another technique by which the existence of
limit cycle behavior can be established is the Poincare’~Andronov-Hopf bifurcation
technique (see, e.g., references [9-14]). This technique can be applied to planar or
higher-dimensional non-linear systems, however, it is computationally demanding. There is
yet another technique, known as the describing function method, by which the existence of
limit cycle behavior in non-linear systems can be predicted (see, e.g., references [ 15, 16]). The
describing function method is mostly used for non-linear control systems and presently is
seldom used. This technique can lead to erroneous results: (1) it can fail to predict existing
limit cycles (see, e.g., reference [17]), and (2) it can spuriously predict non-existing limit
cycles (see, e.g., reference [18]).

Considering the difficulties of existing techniques by which the existence of limit cycle
behavior in three- or higher-dimensional non-linear systems is established, it is desirable to
devise techniques which predict such behavior conveniently. In references [19,20],
a systematic procedure is presented by which the existence of limit cycle behavior
(self-pulsation) in lasers can be established. This procedure is applicable to planar or
higher-dimensional non-linear systems and is computationally straightforward. In order to
apply this procedure, it is necessary to have the state-space representation of the system.
Having such a representation, (1) the boundedness of the system states is established, and (2)
the system parameters are chosen so that all equilibrium points of the system are
destabilized. The boundedness of the system states and the instability of its equilibrium
points imply that the system can have periodic, quasi-periodic, or chaotic behavior. When
the system states are periodic, the system has limit cycle behavior.
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In this note, the procedure in references [19,20] is applied to an important
three-dimensional Lotka—Volterra system to determine the conditions under which this
system has limit cycle behavior (periodic solution). Lotka—Volterra systems have been of
interest as they have been studied extensively by researchers (see, e.g., references [21-29]
and the references therein).

2. A LOTKA-VOLTERRA SYSTEM

Lotka—Volterra systems model the dynamics of interacting species. These systems have
been studied by many researchers (see, e.g., references [21-297] and the references therein).
The Lotka-Volterra system considered in this note is the following three-dimensional
system (see reference [26]):

Ny(t) =ri[1 4+ a— Ny(t) — aN3 ()] N (1), N;(0) =: Nyo >0, (1a)
Ny (t) = r, [Ny (t) — N2 ()] Na(t),  N»(0) =: Nyp >0, (1b)
N3(t) = r3[Na(t) — N3(6)] N3 (t),  N3(0) =: N3o >0, (1¢)

for all t > 0, where the system state N;(t)e IR for alli = 1, 2, 3, and the parameters ry, r5, 13,
and a are constant positive numbers.

A problem of interest is to determine when system (1) exhibits limit cycle behavior (see,
e.g., references [26, 27]). Thus, the problem to be solved is:

Problem P. Determine the positive parameters ry, r,, 13, and a for which system (1) exhibits
limit cycle behavior.

In this note, Problem P is solved by applying the procedure in references [19, 20].
A useful property of system (1), which is used in solving Problem P, is proved next.

The state space of system (1) is IR, Let the state vector of system (1) be denoted by
X(t):= [N{(t) N,(t) N3(t)]" e R3 for all t > 0. Let the solution of the system startingat t = 0
from the initial vector X:= X (0) = [N1o Nao N30]" be denoted by the vector X(t, 0, X,)
forallt > 0.

The useful property to be proved is that the non-negative orthant R3 is an invariant set
of system (1). That is, if the system starts from any initial vector X, € IR3, then the solution
vector X (t,0, Xo)e R3 for all t > 0.

Lemma 2.1. The non-negative orthant R3 is an invariant set of system (1).

Proof. Define the subspace Sy, for all i = 1,2, 3 as

Sy,i= {(N1,N2’N3)EIR3|N1':0}- (2
From equation (1), it is concluded that for any point in Sy, N;(t) = 0 for all ¢t >0 and
i = 1,2, 3. Thus, any trajectory of system (1) starting in R cannot traverse into regions of

R3 for which N; <0or N, <0or N3 <0. [

The invariance of IR3, i.e., the non-negativeness of state N;(-) for all i = 1, 2, 3, will be
used repeatedly in the note.
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3. LIMIT CYCLE BEHAVIOR

In this section, Problem P is solved by applying the procedure in references [19, 20],
according to which two steps should be taken: (1) the boundedness of the system states
should be established, and (2) all equilibrium points of the system should be destabilized.
The solution of Problem P is a set of parameters ry, r,, r3, and a for which system (1)
exhibits limit cycle behavior. Having this set obtained, an example is given by which the
existence of limit cycles is corroborated.

3.1. BOUNDEDNESS OF SYSTEM STATES

In order to show that the state N;(-)is bounded for all i = 1, 2, 3, let a scalar function of
time be defined as

V() := Ni(1) + N (t) + N3 (1), )

forall t > 0. By Lemma 2.1, the function V() is non-negative. It is next proved that V() is
a bounded function of time by which the boundedness of the states follows.

Theorem 3.1. Let 0 <y < 1 be an arbitrary constant number. If

r3 r%

> — >
R T, =)

(4a,b)

then V() is a bounded function of time, and so is the state N;(-) for all i =1, 2, 3.
Proof. From equations (3) and (1), it is concluded that
V(t)=ri(1 + a)Ny(t) — riyNi(t) — riaNs(H) Ny (t)
—r1(1 —9)N3 () + ra N1 ()N, (t) — N3 () + 13N () Ns(t) — r3 N3 (2), %)
for all £ > 0. It can be easily verified that the maximum value of the quadratic function
ri(1 + a)N; — r;yN?, which is attained at N; = (1 + a)/(2y), is equal to r{(1 + a)?/(4y).

Using this fact and the non-negativeness of Ny(-) and N;(-) established in Lemma 2.1,
equation (5) can be written as

. 1 2
v < - x"wex + ©
Y
for all t > 0, where the symmetric matrix Q € IR®**3 is
_ . -
n=y) -5 0
r r
0= -3 =3 Y]
r
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The principal minors of Q are

4y =rj, VP :’”3<"2 —%3>, (8a,b)
rs r%rg,
Ay =rir3(l —y)|ry — 4T 4 (8c¢)

Clearly, 4; > 0. By inequalities (4), it is clear that 4, > 0 and 43 > 0. Since 4; > 0 for all
i =1,2,3, the matrix Q is positive definite, hence all its eigenvalues are positive. Having all
eigenvalues of Q positive, inequality (6) can be written as

. ri(1 + a)?
VO <~ Al QIXOIF + =5 ©)
for all t > 0, where 4,,,(Q) denotes the smallest eigenvalue of the matrix Q and
IX(@)le:=[NT(0) + N3(t) + N30 (10)
Therefore, for all ¢t = 0 at which
ri?(1 +a
X > LY (1

i Q)

V(1) < 0. That is, V(+) is a decaying function of time when the trajectory corresponding to
the solution of system (1) in R? is outside of the ball of radius r{/*(1 + a@)/(2(}/min(Q))*/?)
centered at the origin. Therefore, V(-) is a bounded function of time.

Finally, having V(-) a bounded function and the state N;(-) non-negative for all
i=1,2,3, it follows from equation (3) that each N;(-) is a bounded function. []

3.2. DESTABILIZATION OF EQUILIBRIUM POINTS

In order to destabilize the equilibrium points of system (1), they should be located first, in
particular, those that are in IR}, because by Lemma 2.1, the solution of system (1) is in IR3 .

Lemma 3.2. The equilibrium points of system (1) in R3 are at
XOOO = (07 07 0)5 X+OO = (1 + a, O’ 0)9 (lza’ b)
Xiio=(1+a1l+a0), Xive=(L 11 (12¢,d)

Proof. Set the right-hand side of system (1) equal to zero to obtain the equilibrium points in
equations (12). [

Next, it is determined for what values of the parameters ry, r,, r3, and a the equilibrium
points in equations (12) are unstable.

Theorem 3.3. The equilibrium points X o090, X + 00, and X ; 4 ¢ of system (1) are unstable for any
positive value of the parameters rq,1,, r3, and a.



LETTERS TO THE EDITOR 383

Proof. The instability of an equilibrium point of a system is decided upon by the
eigenvalues of the coefficient matrix of the linearized model of the system around that point,
namely, the Jacobian matrix. The Jacobian matrices corresponding to the equilibrium
points X9, X +00, and X, ;o are, respectively,

ril+a 0 O
Jooo = 0 0 0 , (133.)
0 00
—ri(1+a 0 —rya(l + a)
J100= 0 ro(1 +a) 0 ) (13b)
0 0 0
—ri(1+a) 0 —ria(l + a)
Jivo=| (1 +a —ry(l +a) 0 . (13¢)
0 0 r3(1 + a)

Itis clear that every Jacobian matrix in equations (13) has one positive eigenvalue. Thus, the
equilibrium points X0, X+00, and X, are unstable. []

Next, it is determined when the equilibrium point X, . ; in equation (12d) is unstable.

Theorem 3.4. The equilibrium point X , ,  of system (1) is unstable if and only if

Fo+ry rz+ry rg+r
>2 3+3 1+1 2

ry ra rs

+2. (14)

Proof. The Jacobian matrix corresponding to the equilibrium point X . is

—r 0 —ra
J+++ = ry — T, 0 . (15)

0 rs — I3

It can be easily verified that the eigenvalues of the matrix J, ,;, denoted by A, are the
solutions of the following cubic equation:

By + 1y +13)A% + (ryry + 113 +137)A + rrors(1 4+ a) = 0. (16)

By the Routh-Hurwitz test (see, e.g., references [30, 31]), it is concluded that two solutions
of equation (16) are in the open right-half complex plane, i.e., the equilibrium point X, ; ; is
unstable, if and only if inequality (14) holds. [

Theorems 3.1, 3.3 and 3.4 provide a solution for Problem P. According to these theorems,
if the positive parameters ry, r,, r3 and a satisfy inequalities (4) and (14), then the solution of
system (1) will not settle at a constant vector. The solution will be a time-varying function of
time which will wander in R3 and when it is a periodic vector, the system has limit cycle
behavior.
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Figure 1. Time histories of t +— N;(t) (largest amplitude), t — N,(t) (medium amplitude), and t — N;(t)
(smallest amplitude). These time histories are periodic functions. That is, the system exhibits limit cycle behavior.

3.3. EXAMPLES

In this section, two examples are given to show the existence and non-existence of limit
cycle behavior in system (1).

(1) In the first example, it is shown that if inequalities (4) and (14) are satisfied, then
system (1) exhibits limit cycle behavior. Let

y=025 ri=2, r,=3, ry=4, a=10, (17)

in system (1). For these values of the parameters, it can be easily verified that inequalities (4)
and (14) hold. Thus, system (1) can have limit cycle behavior. Indeed this is the case.
Numerical simulations of system (1) attest the existence of limit cycle behavior; see Figure 1,
where the time histories t +— Ny (1), t+— N, (t), and t— N;(t) are shown. These time histories
are periodic functions.

(2) In the second example, it is shown that if inequality (14) is not satisfied, i.e., if the
equilibrium X, ., = (1, 1, 1) is locally stable, then system (1) does not exhibit limit cycle
behavior. Let the parameters ), ry, r,, and r3 be the same as those in equation (17), and let
a = 5. For these values of the parameters, it can be easily verified that inequality (14) does
not hold, and hence the equilibrium point X, . ; is locally stable. Numerical simulations of
system (1) show that the solution of the system converges to X, ., no matter what the
initial conditions Nyo, N,o, and N3, are; see Figure 2. That is, system (1) does not exhibit
limit cycle behavior.
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Figure 2. Time histories of t > N, (t)t +— N,(t), and t +— N;(t). As t — oo, the function N;(¢) tends to 1 for all
i =1, 2, 3. That is, the system does not exhibit limit cycle behavior.

4. CONCLUSIONS

In this note, a procedure is presented by which the existence of limit cycle behavior in
three or higher-dimensional nonlinear systems can be established. The procedure has two
steps: (1) the boundedness of the system states is established; and (2) all equilibrium points of
the system are destabilized. These steps are applied to a three dimensional Lotka-Volterra
system to determine a set of parameters for which this system exhibits limit cycle behavior.

The procedure by which the existence of limit cycle behavior in non-linear systems is
established is conveniently applicable to planar or higher-dimensional systems. However,
establishing the boundedness of the system states (step 1) may be difficult for some systems.
Moreover, this procedure does not exclude the possibility of quasi-periodic or chaotic
behaviors.
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